The extreme variability of cloud and rain fields poses serious problems in quantitative use of remotely sensed satellite and radar data. We show how to characterize this variability using scale invariant (sensor resolution independent) codimension functions which are exponents characterizing the probability distributions. These codimension functions in turn form a three parameter universality class. We review the properties of these multifractal measures and empirically evaluate the codimension functions as well as the universality classes for infrared and visible satellite cloud images using the new probability distribution/multiple scaling technique, refining previously published results and relating these to the established lognormal rain and cloud phenomenologies. We then show how to solve the radar observers' problem for multifractal radar reflectivity factors and to estimate the codimension function of rain from the radar. Finally, we reexamine some earlier (monofractal) analysis techniques in the light of our findings.
INTRODUCTION
debates about how best to calibrate the radar data from rain gages; debates that have been going on for nearly 40 years.
The development of new in situ and remote measurement In a series of papers [Lovejoy, 1981 [Lovejoy, , 1982 ; Lovejoy and techniques has made large quantities of high-resolution Schertzer, 1983 Schertzer, , 1985 Schertzer, , 1986a , b; Lovejoy and Mandelbrot, geophysical data routinely available for analysis. In the case of 1985; Schertzer and Lovejoy, 1983 , 1984 , 1985a , satellite measurements of the atmosphere, their potential utility 1987a,b; 1989, 1990a; Lovejoy et al, 1987] we have argued that has lead to increasingly sophisticated algorithms for the we may expect geophysical fields generally, and atmospheric estimation of geophysically significant parameters. One of the fields particularly, to exhibit scaling fractal structures over fields which has the longest history of remote measurements is significant fractions of their dynamically important ranges. With rain and its associated cloud fields. These remote measurements the development of a series of new notions (particularly, have convincingly demonstrated not only the impressive ranges multifractals and generalized scale invariance-see below), we of spatial and temporal scales over which variability occurs, but now know that the types of scaling possible are very rich. This also the extreme nature of fluctuations at fixed scales. This development of scaling ideas has spawned new data analysis extreme variability is largely responsible for the difficulties in techniques which have been important in investigating interpreting the data in terms of conventional physical atmospheric fields. Furthermore, the theoretical difficulties parameters. For example, quantitative use of radar reflectivifies encountered in dealing with the atmospheric observations have typically makes repeated use of assumptions of subresolution contributed to rapid advances in multifractals themselves. homogeneity. First, in relating the measured "effective The term "scaling" is used to indicate that certain aspects of a reflectivity factor" to the reflectivity factor and then in obtaining system (typically certain statistical exponents such as those found rain rates from the latter. A further uniformity assumption is in energy spectra) are independent of scale. The related term usually made to adjust these rain estimates to rain gage values "scale invariance" refers to systems in which the statistical (here uniformity is needed to compare volume averaged radar properties of small and large scales are related by a scale quantities at one scale with time averaged gage network changing operation involving only scale ratios: over the quantities at another). Quantitative estimates of cloud amount (or cmTesponding range, the system has no characteristic size. Scale satellite rain estimation schemes) also implicitly use subsensor invariant sets are generally fractals; fields and measures homogeneity assumptions in order to allow them to be calibrated characterized by a single fractal dimension are here termed with in situ data which typically involve averages at quite "mono-fractals" to distinguish them from multifractal measures different time and space scales. The seriousness of problems which are characterized by an infinite hierarchy of dimensions. caused by the variability is becoming more clearly understood: Although we do not wish to repeat these arguments in detail, the for example, a recent study by $hih et al [1988] showed that basic idea may be simply expressed. If we consider scaling as a when identical algorithms were used to estimate cloud "fractions" symmetry principle (i.e., the system is unchanged under certain over an identical "scene" viewed by two satellites differing in scale changing operations), then we may tentatively assume (a spatial resolution by a factor of 10, it was not uncommon for first approximation) that the symmetry is respected except for results to differ by factors of 2. In the radar estimation of rain, symmetry-breaking mechanisms. the extreme subsensor variability has contributed to ongoing More specifically, it has recently been shown [Schertzer and 
Pr(/X > 3.T) = X-c(h t)
(1)
where Pr means probability, ht is the order of singularity "functional box-counting" that both radar rain and satellite cloud associated with the pixel value f3., and c(ht) is the associated fields are multifractal over various ranges in scale. In this paper, codimension (the dimension of the underlying space (d) minus we first review some basic results on multifractals. We then give the corresponding dimension d(ht)). Equation (1) is the general a more refined analysis of both fields using the new probability characterization of multifractal fields and arises directly as the distribution/multiple scaling (PDMS) technique [Lavallde et al., result of multiplicative cascade processes , and show how to estimate the parameters of the Lovejoy, 1987a, b] . This equation shows that c(ht)is directly (stochastic) generators of the fields. We then apply the method related to the probability distribution. Note that in (1) and to geostationary satellite (GOES) data in both the visible and below, we ignore any logarithmic corrections. This fact will be infi'ared wavelengths over therange8-256 km. In section 4, we used below as the basis for empirically estimating c(ht ). show theoretically how to solve the classical radar "observer's Qualitatively, ht is the resolution-independent characterization of problem" in order to determine the codimension function for the the intensity of the feature with brightness f3., whereas, c(ht) is radar reflectivity factor from the corresponding codimension the resolution independent characterization of the image fraction function of the measured effective radar reflectivity factor. occupied by features with brightness. 2. MULTIb-RACTAL MEASURES except for the dimension of the space in which it is embedded (in some applications it is even useful to take the latter as a fractal 2.1. Discussion set, e.g. the global meterological measuring network), and the codimensions specify the probabilities independently of the Based on studies of certain fractal sets obtained either as latter. In contrast, in studying strange attractors, d is usually purely geometric constructs, or associated with certain stochastic kept fixed and the dimension is denotedf(ct). We therefore have processes, Mandelbrot [1982] used these sets as models of the f(o0--d-c(d-o0. geometry of various natural systems. However, few natural
We can now appreciate some of the difficulties encountered in systems are sets (they are usually best treated as fields or •nany of the early studies, where multifractal phenomena were measures), and it soon became clear [Hentschel and Proccacia, analyzed with methods originally designed for studying sets 1983; Grassberger, 1983; Schertzer and Lovejoy, 1983; Benzi et (e.g., area-perimeter relations, distribution of areas, dimensions al, 1984, Frisch and Parisi, 1985] , that such measures are of graphs, box counting: see appendices A and B). Even before fundamentally characterized not by a single dimension, but by a the analysis begins, experimental measuring devices integrate the dimension function (sometimes called the "spectrum of underlying measure over a scale L, converting it into a (spatially singularities"). Furthermore, this dimension function is simply or temporally discretized) function. This function is then related to the probability distribution. In fractal sets, the concept converted into a set with the same resolution, typically with the of fractal dimension is important because it is invariant under l•elp of thresholds. Finally the geometric properties of the transformations of scale. In fractal measures, the notions of resulting set are characterized by (at most) a few exponents (e.g., scaling (or scale invariance) and the generator of the measure are dimensions, area-perimeter exponents) essentially by degrading more basic. the resolution of these sets. Although careful and systematic Geophysical systems typically have variability extending study of the properties of the sets as functions of scale and clown to very small scales *1 (often 1 mm or less) and are threshold (such as with "functional box counting"-[Lovejoy et therefore usually observed (literally "measured") at scales (L) al., 1987; Gabriel et al., 1988] can be used to estimate c(ht ), such with scale ratio 3. =L/rl>> 1. It is therefore natural to consider the methods are indirect and are less satisfactory than other methods underlying phenomenon as a fractal measure, and the empirically such as trace moments [Schertzer and Lovejoy, 1987a] or the accessible measurements (e.g., satellite photos) as a series of PDMS method [Lavallde et al., 1990] . For comparison, associated functions (denoted f3.(r)), whose properties will functional box-counting exploits (1) by transforming the function depend greatly on the averaging scale ratio 3. (e.g. on the size of f3. into an exceedance set (see Appendix A) and coverirfg the a pixel). Qualitatively, the relationship of a series of lower and lower resolutions (i.e. f•, as 3.-->oo) to the underlying multifractal measure is that as the resolution decreases, the structures are more and more smoothed out, are found to occupy an increasing fraction of the image, while simultaneously decreasing in value (e.g., dimming) to compensate. Since over our range of interest, there is no characteristic scale, this behavior is algebraic and can latter with larger and larger boxes. The fraction of the scene covered by boxes of scale 3. is the probability in (1). The method works by degrading the resolution of the exceedance sets, rather than of the measures themselves. The approach described below is more straightforward and statistically robust, since it is defined directly by the measures f3. rather than via associated sets. In contrast, the use of what might be termed We have already discussed the fact that the various (bare) universality classes are lognormal (a=2) and log-levy (a<2), respectively. When a is not much smaller than 2, the latter are in turn approximately lognormal, since, with the exception of their extreme tails, these Levy distributions are themselves nearly normal (this "tail" is pushed to lower and lower probability levels as a-->2). Our findings here are therefore consistent with the widespread hydrological, meteorological (and generally geophysical) lognormal phenomenology. Of particular relevance here are numerous studies that have claimed that rain rates, cloud and radar echo sizes, heights and lifetimes, as well as total rain output from storms over their lifetimes are either lognormal or "truncated lognormal" distributions [Lopez, 1977a; Drufuca, 1977 1990 ) has provided more insight into the problem by showing that although the parameters defining c(T) may not change much from one meteorological situation to another, hd could vary considerably, since they find empirically 0.3<a<0.6 and from (15), we find that when a<l, its value is particularly sensitive to small changes in the parameters Ct, Tt, tx. This is perhaps not surprising since h d and the other parameters metnioned above are statistical and very large sample sizes will be needed to provide good estimates of the ensemble average values.
ESTIMATING c('y) FOR SATELLITE CLOUD RADIANCES

PDMS technique
We seek to directly apply (1) to determining the scale invariant codimension function c(ht). To do this, we must first fully nondimensionalize (1); we have already introduced the dimensionless scale ratio •, to nondimensionalize the scales, we must also nondimensionalizefthis is conveniently done by using the large-scale average f•aas a reference value for the measure where ),.t denotes the scale ratio corresponding to the large (I for image scale; •.t=Lt/'rl). Using an overbar to denote the values of the function normalized in this way, we write: • = fx,/fx,t.
Theoretically, the latter should really be the ensemble (i.e., climatological) average of the random process at scale )•t; the sample average being an approximation to the latter. We Here we outline a simple graphical method which proves quite accurate. The easiest parameter to estimate graphically is c0=c(0), which yields c0=0.16, 0.20 for visible and IR curves, respectively. However, Ct, htt can also be found quite easily. From (10), we recall that c(ht) has the property that c(Ct-htt)=Ct and c'(Ctqtt)=l independent of or. This implies that a line slope 1 will be tangent to c(ht) at the point c(T)=C t and will intersect the -/ axis at the point T=-Tt. Figures la and lb Much work has been done to devise sampling and averaging strategies to obtain Z from Zob. In this section, we briefly review the standard derivation of the relation between Z and Zob and point out where it breaks down if the drops are distributed over sparse fractal sets rather than uniformly in space. We then show that if the latter effect is ignored, but that the Z field is multifractal, the observed codimension function Cob(T) (for Zob) is identical to the underlying c(ht ) (for Z) in the limit where the natural variability builds up over a sufficiently wide range of scales (i.e., that the radar resolution is much smaller than the outer scale of the rain-producing processes). In other words, in this limit the natural variability is so strong that it completely dominates that arising from random fluctuations due to drop phases. This answers the question raised by Zawadzki [1987] as to which variability is strongest.
Although in this limit (at least as far as estimating c(ht) is concerned) the observer's problem disappears, applications may require corrections. This is because the large parameter in the theory is the natural log of the range in scales (•=ln 3.): taking a typical radar resolution of 1 kin, and an external scale for the rain processes at 1000 to 10,000 km, we find [ in the range In (1,000) to In (10,000) =7 -9, which is not so large. In practice, corrections to the above will occur and the relation between Cob(T) and c(ht) will be more complex: we estimate these corrections up to first order in 1/•. We then discuss the We seek to express the observed Cob(Tob) in terms of the true consequences of these findings in the light of some recent c(7), and ultimately to express the latter in terms of the former.
empirical studies of radar reflectivities by ^. Seed et Define al.,(manuscript in preparation, 1990).
Z=•T = e•'Y Zob=•T øb = e•T øb (23) 4.2. Review of the standard approach p(T)= X-c(T) Pob(Tob)= X-cøb(Tøb)
Consider a radar at the origin that emits a pulse of Now, using the formula for conditional probabilities, we obtain . The combined effects of d<3, 2H>l lead to asymptote corresponds to the algebraic tail of the probability systematic corrections, so that Zob can no longer be directly distribution, the above result is simply interpreted to mean that regarded asanestimateofZ(seeLovejoyandSchertzer[1990b] the exponent of the latter is conserved by the weaker for details). Presumably, it also leads to corrections in the above (exponential) reflectivity fluctuations. probability distributions, although empirical investigations would We can now estimate the effect of the above corrections if the require much more data than used in the study cited. In the graphical method outlined in section 3.2 is used to estimate the following, we ignore these subresolution fractal effects, parameters. Since the correction is-1/• when the slope is c'=l, concentrating our attention on the effect of the standard drop and this point is used to estimate Ct, 'it, we have Ct=Ctob-1/•, phase fluctuations on C(T The extremely variable nature of rain and cloud fields over wide ranges of scale typically implies that remote measurements of the fields involve sensor resolutions much larger than the smallest scale of the variability. These data will therefore contain (potentially strong) resolution dependencies. It has been suggested for some time, on both theoretical and empirical grounds, that over considerable ranges, these fields exhibit scaling fractal (and more recently, multifractal) structures. In multifractal systems, a resolution-independent function exists (the codimension function c(),)) which is essentially an (appropriately normalized) probability distribution, which characterizes the statistical properties of the field over the entire scaling range and can be measured by observers using instruments at widely differing scales (it is therefore useful in calibration). These codimension functions are themselves expected to be determined by three dynamically important parameters (determining the "universality classes"), thus considerably simplifying the analysis and modeling of such fields. A relevant point to note here is that the universality classes are readily compatible with lognormal phenomenologies. In this paper, we reexamined some earlier analyses. Some (which we termed monofractal) used methods primarily designed for studying fields characterized by a single fractal dimension. In appendices, we discuss at a fairly technical level some of the problems that arise when such methods are applied to multifractals.
We 
A.2. Multifractal Exceedance Sets, Perimeter Sets, and Graphs
Consider the function fx(r) obtained by averaging a multifractal measure over scale ratio )c=L• where q is the inner scale of the variability, in a region of the plane 91 size RxR (generalizations to higher dimensional spaces are straightforward and will not be explicitly considered). As mentioned in section 2, the underlying measure is most directly studied by considering how the properties of fx vary as we change )• (e.g., by successively degrading our sensor resolution). However, most applications of remotely sensed data involve studying the properties of fx at fixed )•. When, as is often the case, these exponents are obtained by using thresholds (7') on fx to define sets, we find that the results will depend directly on )L via the multifractal relation T= T•JLfL•)-¾, where TI is the large (e.g., image) scale resolution value of the field (T• is the same as fxt in section 2). Our exponents will therefore depend (via T) on both the sensor resolution ()L), and the meteorological situation (i.e., A.1 Discussion Consider next the "graph" (G) off(r) defined as those points in three-dimensional (r,f(r)) space. As before, we may define We have argued (especially in section 2) that emphasis on the Gr as the subset of G such that f(r)>T (see Figure A1 for an geometric properties of scale invariant processes has lead to illustration, and appendix B.2 for more discussion). Consider Another aspect of multifractals that must be carefully (A5) considered in analyzing data is that unlike the monodimensional case, the thresholds that correspond to a given fractal dimension depend directly on the resolution with which the basic fractal measure is averaged by the measuring device. Even if the (A6) resolution is constant, the dimension corresponding to a given threshold will also depend on the realization of the process (e.g. the meteorological situation). As argued earlier, this difference between monofi'actal and multifractal processes is very basic; for now, we briefly discuss how these new dependencies can lead to practical difficulties, including apparent breaks in the scaling whether or not the field is multifractal, since it is first converted into a set having a well-defined dimension. However, if rather than degrading the set resolution, we degrade the multifractal field itself by simply averaging the field (rather than the set) over larger and larger scales, and then defining the exceedance set with respect to the previous threshold (as in Yano and Takeuchi [1990] ), the method will no longer work. To recuperate a set with the same dimension, the threshold must be appropriately tiecreased to compensate for the fact that averaging over larger bright regions or cold tops. These values lead to corrections of scales decreases (smooths) the intense regions (the precise 1.11 and 1.33, respectively. Applying these to Cahalan's typical amount of decrease can be quantitatively estimated by associating range of This example illustrates the dangers of approaching the data analysis with unwarranted theoretical preconceptions about the continuity of the process.
